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Let a, = In I 1 - 5,” I with A = ernilm. We consider additive relations 
c zzt C& = 0 between these numbers. We tirst give certain necessary and 
sufficient conditions for the integers C, in order that such a relation holds. 
It is then possible to construct an explicit algorithm by means of which one 
can resolve any given relation, multiplied by 2 in certain cases, into com- 
ponents, these being relations of two special types. 
1. Let &,, = e2nilnz, where m is an integer 2 3, and consider 
the numbers 1 - &” (X = 1,2,..., m - 1). These numbers or suitable 
ratios of them are all units in the m-th cyclotomic field over the rationals. 
Working in the factor group modulo the roots of unity, we examine the 
multiplicative relations between these numbers. In doing so it is more 
convenient to write a, = In 1 1 - [,” 1, so that we are led to consider 
additive relations between the a,?. 
It is clear that a, = a,-, , and that, for any divisor b > 1 of m, we have 
m-1 
a(mlb)x = 2 aup 
u-1 
u szmodb 
(1) 
for 1 < x < b - 1. It has been conjectured by Milnor that every additive 
relation between the numbers a, is a consequence of these elementary 
relations, and Bass [l] claims to have proved the conjecture. However, the 
following counterexample shows that it is only true if division by 2 is 
allowed. 
Take m = 105. Then 
al + a2 + al7 + a43 + a@ + aa - a3 + aB + a36 + %b + am + am = OS 
but this relation cannot be a combination of integral multiples of ele- 
mentary relations, because in every such combination the sum of the coeffi- 
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cients of a3: with x = fl mod 3, mod 5, mod 7 (all 8 choices of signs) 
must be even. 
We shall develop a more straightforward method than what was used 
in [l]. We first give certain necessary and sufficient homogeneous linear 
conditions for the coefficients in a relation R. There are two types of such 
conditions. Those of the second type, denoted below by Y,(R) = 0, 
simply express the fact that in the corresponding multiplicative relation 
the norms of both sides must be equal. The conditions of the first type are 
written in the form Y(x, R) = 0, where x ranges over all even characters 
mod m. It can then be shown (our Theorem 2), that, if for a relation R, 
in addition, Y(x, R) = 0 for every odd character x mod m, then R can be 
expressed as a sum of integral multiples of elementary relations of type (1). 
It is now almost trivial to deduce a weaker form of the above conjecture 
(Theorem 3). Our proof of Theorem 2 is based on a somewhat complicated 
induction process and requires several lemmas. It has the advantage, 
however, of being constructive in the sense that it provides an algorithm 
by means of which one can resolve any given relation, multiplied by 2, 
if necessary, into components which are elementary relations. 
2. For any prime p dividing m we define ye by py9 1 m, pvn+l T m. 
For any integer b let o(b) denote the number of different prime factors of b. 
By a character x we mean such a character whose conductor f(x) 
divides m. A character x is always assumed to be primitive, so that 
X(X) = 0 if and only if (x, f(x)) > 1. The notation Xb indicates that the 
conductor of Xb equals b. 
Let W be a free Abelian group of rank m - 1. Let A, ,..., A,_1 be 
a basis of W which is then kept fixed throughout in the sequel. Put 
m-1 
E@, x) = c A, - &r&x, 
t&=1 
u =xmodb 
forbIm,lcb<m,l<x<b-l.WethendefineW,tobethesub- 
group of W generated by the elements E(b, x) and W, to be the subgroup 
generated by WI and the elements A, - A,-, (x = l,..., [m/2]). 
Let R = C:;’ CJ, be any element of W and let x be a character 
with conductor f. If d 1 m, d > 1, .f 1 d, we denote 
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and, in the case f > 1, 
For p 1 m, we define 
where y = ys . 
Y,(R) = C (x, ~‘1 Ctmlpv,a: 3 
X=1 
Let 0 be the homomorphism of W into the additive group of real 
numbers which maps A, onto a, . It is easy to see that W, is contained 
in ker(O). 
THEOREM 1. Let R be an element of W. Then R E ker(Q) if and only if 
Y(x, R) = 0 for every even character x # x, 
and 
Y,(R) = 0 for every prime p dividing m. 
THEOREM 2. We have R E WI if and only if 
Y(x, R) = 0 for every character x # x1 
and 
Y,(R) = 0 ,for every prime p dividing m. 
THEOREM 3. Zf R E ker(O), then 2R E W, . 
3. Proof of Theorem 1. In this section all the characters are even. 
For any even character x and d such that d 1 m, f(x) / d, d > 1, we define 
Xx, 4 = C x(4 a(mld)z, S(x) = f%xLf(x))* 
l<Z<jd 
bz.d)-1 
Ifx # xl,then 
and 
s(x, 4 = I-l (1 - X(P)> s(x), 
pld 
(2) 
S(x) = -b(X) L(1, f) # 0. (3) 
(See [2, p. 18, formula (3), and p. 9, formula (la)].) It is easily seen that 
ford> 1, 
0 if d is not a prime power, 
s(xl, 4 = 
+p 
if d = p6, (4) 
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where 
‘c(d) = 1; 
if d > 2, 
if d = 2. 
It follows directly from the definition of S(x, d) that 
a C n(4 s(x, 4 a(m’d)z = d4 x(-lJ=l 
f(x)Id 
(5) 
ford(m,d>l,(x,d)=l. 
Suppose that R = CzZl &A, is any element of W. Put 
where C,’ = C, + C,-, if 1 < x < $m, and Cim. = C+, in the case 
when m is even. It is clear that R belongs to ker(0) if and only if R’ does so, 
and, on the other hand, Y&, R) = Y(x, R’) for every even x and 
Y,(R) = Y,(R’) for every p ) m. We may therefore assume, without loss 
of generality, that C, = 0 for x > l&m. 
Suppose now that R E ker(@), i.e., 
c c&x, = 0. (6) 
1<x<:nz 
This condition is clearly equivalent to 
Jgtm ((1 - &n%l - 573=* = 1. (6’) 
In (6’) we may replace &,, by &,” if (k, m) = 1. The same is therefore true 
for (6). Hence, for (k, m) = 1, 
Substituting for (I kz from (5) in (7), we deduce that (7) is equivalent to 
ac f$$ x ,-z 1 i?(k) s(x> 4 T(f, 4 R) = 0. 
d>l f(x)lcl 
(8) 
Using (2) and (4), we find after a short computation that (8) is further 
equivalent to 
2 xz, i?W 8x) Y&, R) + c = Ing = 0. 
x(-l)=1 
p(m FtP’4 
f(X) [m 
(9) 
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Summing for k = l,..., m - 1, (k, m) = 1, we obtain from (9) Y,(R) = 0 
for each p, because the numbers lnp are linearly independent over the 
rationals. If now $ is any even character # x1 , we multiply (9) by 
#(k) and then sum for k = I,..., m - 1, (k, m) = 1. It follows that 
S($) m, a = 0, so that (3) implies Y(#, R) = 0. This proves the 
“only if” part of Theorem 1. The converse part is trivial, because of the 
equivalence of (7) and (9). 
4. Proof of Theorem 2: Necessity. We have to show that for 
each E(b, x) the required conditions hold. Since E(b, X) E ker(O), it 
follows from Theorem 1 that Y,(E(b, x)) = 0 for each p. (It is, of course, 
easy to give a direct proof, which does not depend on the nonvanishing 
of the Gaussian sum or the L-series.) 
Suppose that 
m-1 
E = -W, 4 = C Au - &nm, , 
u=l 
u -xmodb 
with b 1 m, 1 < b < m, 1 < x < b - 1, is given. Put s = (x, b), x = sx’, 
b = sb’. We must have u = su’, so that 
mls-1 
E = c -4,~ - &,,r,,)d = E* - A(,&)& , (10) tJ’=l 
u’ sv’modb’ 
say. Let x # x1 be any character. We assert that Y(x, E) = 0. (By 
Theorem 1, we could assume that x is odd, but this does not seem to make 
the argument easier.) Writef = f(x). 
For any d with d I m,f 1 d, we have 
T(x, d, E - E”) = [;x(x~ther;sef = “Y 
Consider now T = T(x, d, E*). Exactly those terms A,,, of E*, for which 
SW’ = mu/d with (v, d) = 1, give a contribution to T. Hence we have 
T = 0, unless 
d& ($,b’) = 1. (12) 
Moreover, the values of v satisfy v = z mod b’, where z is determined 
from 
5 z s x’ mod b’. (13) 
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Therefore, assuming that (12) holds, we have 
d-l 
T = El x(4 (14) 
(V.b)4 
v smodb’ 
Ifff b’, then a well-known argument shows that T = 0, since (12) implies 
b’ / d. In this case we also have T(x, d, E) = 0, by (11). For later use, we 
state the result as 
LEMMA 1. <ff(x) -r b’, then T(x, d, E) = 0. 
Let us therefore assume that S / b’. Then (13) and (14) give 
By (11) and (15), we have 
(15) 
(t.b’)-1 
on putting n = m/s and t = mlsd. Here the first term in parentheses is 
(16) 
since it is easily seen that the inner sum on the left-hand side of (16) 
equals p(w) if w  1 b’, and 0 otherwise. Thus Y(x, E) = 0, and the “only if” 
part of Theorem 2 is proved. 
5. Before proceeding to the “if” part of Theorem 2 we require 
some lemmas. For each integer X, let S(X) denote the number of primes 
p 1 m such thatpup x. For any element R of W, we define d(R) = max 6(x), 
where the maximum is to be taken over all values of x such that the coeffi- 
cient of A, in R is nonzero. 
LEMMA 2. For any given E(b, x) with 
(x, b) = 1, 
( ) 
b, + = 1, (17) 
242 ENNOLA 
there exists an element H of WI such that 
(i) H does not contain any A, with (u, m) = 1, 
(ii) E(b, x) - H does not contain any A, with 
(24, m) > 1, 6(U) = w(m). (18) 
Proof. If m/b is square-free, we may take H = 0. Assume therefore 
that there are p’s with p2 1 m/b and let P be the product of all such p’s. 
We choose 
H = - C p(Ic) E&h W, 
hyl 
where zk satisfies the conditions kz, = x mod b, 1 < zk < b - 1. It is 
clear that (i) holds. We have 
E(b, x) - H = C p(k) E(kb, kz,). 
klp 
(19) 
Suppose now that A, appears in some of the E-expressions in (19) and that 
(18) holds. It is clear, by (18), that -A, cannot appear as the last term in 
any E(kb, kz,). Therefore, A, is contained in E(kb, z~) if and only if 
u = kz, mod kb, i.e., u z x mod b and k 1 U. Thus (17) implies (u, m) 1 m/b. 
Then (18) implies (u, P) > 1. It follows that the coefficient of A, in (19) is 
Ckh.P) /-# = O* 
LEMMA 3. Let m + 2 mod 4 and w(m) > 2. Suppose that an element R 
of W satisfies Yk, R) = 0 for every character x with WV(X)) = w(m). 
Then there exists an element I? of WI such that A(R - R) d w(m) - 1. 
Proof. Let R = CzI. &A, . Take 
Then R + R’ does not contain any A, such that (18) holds. By the “only if” 
part of Theorem 2, we may replace R by R + R’. We may thus assume that 
R does not contain any A, such that (18) holds. From this it follows, 
by the definition of Y(x, R), that 
T(x, m, R) = 0 for every x with C@(X)) = w(m). (20) 
(It should be observed that the assumption m + 2 mod 4 ensures that there 
are characters x with w(fh)) = w(m).) 
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In order to prove the lemma it is enough to show that there exists 
R E W, such that 
(;k) a can be expressed as a sum of integral multiples of elements 
E(b, x) satisfying (17), 
(**) R - R does not contain any A, with (u, m) = 1. 
Suppose, namely, that such an element K exists. In the sum representa- 
tion of R, we replace every E(b, x), satisfying (17) by E(b, x) - H, 
according to Lemma 2. By (i), this has no effect upon (**). Now (ii) and 
(**) together with our agreement above show that R - i? does not 
contain any A, with 6(u) = w(m). (R’ denotes the new element.) This, 
however, means the same as d(R - R’) < w(m) - 1. 
We first prove, by induction on i (i = O,..., w(m) - l), that, for each i, 
there exists an element Ri of W, such that (*) holds with Iii in place of R, 
and 
T(x, m, R - R,) = 0, (21) 
for every character x such that w(f&)) > w(m) - i. 
By (20), we may take R, = 0. Assume now that the assertion is true for 
some i with 0 < i < w(m) - 2. Let xr be any given character such that 
co(f) = w(m) - i - 1. Define n by 
Let R - Ri = Crri C’i,,A, . By the induction hypothesis, we have 
m-1 
c XfW x7&(4 CL, = 0 x=1 (X.?i%)=l 
for every character Xh # x1 such that h 1 m/n. Summing over xh we thus 
obtain 
XfCx) ci.z * (22) 
(s.m)-l 
z:lmodmln 
For any x such that (x, n) = 1, detine X by 
Z = xmodn, Ezlmodm 
rz’ lbX<m-1. 
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so that (22) gives 
T(xf , m, R - Ri - Ri’:),) = 0. (23) 
The condition (23) holds for any character X, such that w(f) = w(m) - i - 1 
and f 1 n, because RI:! only depends on n and not on f. We now define 
where the sum is to be taken over all positive integers n such that n 1 WI, 
(n, m/n) = 1, w(n) = o(m) - i - 1. 
The validity of (*) with Ri+l in place of R is clear. If x is an arbitrary 
character with w(f&)) Z w(m) - i, then 
T(x, m, R - &+I> = T(x, m, R - &I - C T(x, m, R$. 
12 
Here the first term on the right-hand side is zero, by the induction 
hypothesis, and so are the other terms, by Lemma 1. 
Suppose now that x is an arbitrary character with w( f (x)) = w(m) - i - 1. 
Then there exists a unique n, such that no I m, (no, m/no) = 1, f(x) ) n, , 
w(no) = w(f(x)). We have 
T(x, m, R - &+3 = Tti, m, R - RI - Ri$) - C T(x, m, R$. 
n#tao 
The first term on the right-hand side vanishes, by (23), and so do the other 
terms, by Lemma 1 again. We have thus proved (21) with i replaced by 
i+ 1. 
Applying (21) with i = w(m) - 1, we obtain 
T(x, m, R - &M-I) = 0 
for every character x # x1. But this means that all the numbers Cw(n)--l,n 
with (x, m) = 1 are equal. We denote the common value by C. Since 
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w(m) 3 2, we can choose d / m such that 1 < d < m, (d, m/d) = 1. Then 
d-l 
R = Rw(m)-I + C C E(d, 4 
x=1 
(iz.d)=l 
satisfies the requirements (*) and (c*). This completes the proof of 
Lemma 3. 
We observe that the condition w(m) > 2 was only used in the last 
conclusion of the above proof. Hence we can state 
LEMMA 4. Let m be a prime power > 2. Suppose that an element 
R of W satisfies Y(x, R) = 0 f or every x # x1 . Then there exists an 
element j? of WI such that R - K is of the form C C~~~,,S,mj=l A, . 
We want to apply Lemmas 3 and 4 to certain subgroups of W. For 
that purpose we need one more lemma. 
LEMMA 5. Let n / m, n # m, (n, m/n) = 1, and let w  be the subgroup 
of Whaving the basis A,& = l,..., m/n - 1). Denote the new Y-expressions 
by 7. Let R = CzZt C&AA, and xf with f > 1, f 1 m/n be given. Suppose that 
c, = 0 if (x, m) z 
I f 
and n f x. (24) 
Choose any subset J of the set (l,..., m/n - 1) such that J contains every 
member x of this set satisfying (x, m/n)1 m/f. Put l? = zzEJ C,,, A,, . Then 
r(xr, a) = Y&r, RI. 
Proof. The conclusion follows almost immediately from the definition 
of the Y-expression. We merely have to observe that, by (24), we may 
suppose d I m/n for any d appearing in the expression Y&, , R), and that 
the condition imposed upon J ensures that all those terms of R which 
make a contribution to Ykr, R) are contained in 8. 
In this connexion we make the following remark. If we replace W by IV 
as explained in Lemma 5, we have to consider the subgroup IV1 of IV, 
which is generated by the new E-elements. It is, however, easily seen that 
IIr.. is contained in WI . 
6. Proof of Theorem 2: Sujiciency. Let us consider at first the 
case m + 2 mod 4. Let R be any element of W such that Y(x, R) = 0 
for every x # x1 and Y,(R) = 0 for every p dividing m. We assert that 
R E WI . The proof is by induction on d(R). 
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Suppose that d(R) = 1. This means that, for each A, appearing in R, 
there exists exactly one p ( m such that ~‘9 f X. We may therefore write 
say, with y = ya, Take n = m/p?, J = (l,..., py - l), i? = R, , 
f = pfi (1 < /3 < r) in Lemma 5. Plainly, (24) is satisfied, because 
d(R) = 1. It follows that we may apply Lemma 4 to the corresponding 
subgroup. Thus there exists R, E WI such that 
J-1 
R, - R, = C’“’ C Acm,py)z . 
X=1 
PW 
On the other hand, 
0 = Y,(R) = Y,(R, - R,) = y(py) C(P), 
whence R, E WI , and the result follows. 
Suppose now that d(R) = k with 1 < k < o(m) and that the result 
has already been proved for d(R) < k - 1. Let R = CzIt C,A, . For 
any divisor n of m satisfying (n, m/n) = 1, w(n) = w(m) - k, we denote 
Then 
ml??1 
R(“’ = C &A,,, . 
U=l 
8tuJ=k 
(25) 
d (R - C R(,)) < k - 1. 
n 
(26) 
Since d(R) = k, some R(“) must be # 0. Consider a tied such R(“). 
We apply Lemma 5 with this n, J the set of U’S appearing in (25), I? = Rtn), 
and f any positive integer such that f 1 m/n, w(f) = k. Then (24) holds, 
because d(R) = k. The condition imposed upon J is also satisfied, since 
(u, m/n) 1 m/f necessarily implies 6(u) = k. We may thus apply Lemma 3 
to the subgroup in question. Hence there exists Rcn) E WI such that 
d(R(“) - a(%)) < k - 1. On combining this result with (26), we obtain 
d (R - C Rln)) < k - 1. 
n 
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Here we may apply the induction hypothesis to R - C, R(*). This 
completes the proof. 
Finally, we consider the case m = 2 mod 4. Suppose again that 
R = c:Z. C,A, satisfies Y(x, R) = 0 for every x # x1, and Y,(R) = 0 
for every p dividing m. We have C+, = Y,(R) = 0. Take 
R’ = C C,‘E(Qm, x), 
24 
where 
C,‘= 2 
1 
if x is odd, 
Cl!+@ if x is even. 
Then R - R’ does not contain any A, with x odd. Without loss of general- 
ity, we may assume that R already satisfies this condition. 
In Lemma 5 take IZ = 2, J = (l,..., $rn - l), i? = R, andf any integer 
such that f > 1,f ) $m. Then (24) holds, because of the agreement above. 
We thus come back to the previously proved case. Hence the proof of 
Theorem 2 is complete. 
I. Proof of Theorem 3. Let R = ~~~~ C&A, belong to ker(O). 
By Theorems 1 and 2, it is enough to show that there exists an element R 
of Wz such that Y(x, 2R - R’) = 0 for every odd character x. Take 
Then 
R’ = C (C, - &+,)(A, - A,-,). 
l<X< +?z 
m-1 
2R - R’ = C (C, + C,,,-,) A,. 
x=1 
In this expression the coefficients of A, and A,-, are equal. Hence the 
required conditions clearly hold. 
REFERENCES 
1. H. BASS, Generators and relations for cyclotomic units, Nagova Mar/t. J. 27 (1966), 
40407. 
2. HELMUT HASE, “uber die Klassenzahl Abelscher Zahlkiirper,” Akademie-Verlag, 
Berlin, 1952. 
3. K. RAMACIUNDRA, On the units of cyclotomic fields, Acta A&/z. 12 (1966), 165-173. 
